Fisher and Kullback-Leibler informations contained in record data (Interval Estimation and Its Related Topics) by 山本, 泰志 & 赤平, 昌文
Title Fisher and Kullback-Leibler informations contained in recorddata (Interval Estimation and Its Related Topics)
Author(s)山本, 泰志; 赤平, 昌文




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University







, , $n$ $n$
(Ahmadi and Arghami $[\mathrm{A}\mathrm{h}\mathrm{A}\mathrm{r}01],$ [AhAr03]). ,
( $[\mathrm{A}\mathrm{r}\mathrm{n}\mathrm{B}\mathrm{N}98],$ $[\mathrm{A}\mathrm{w}\mathrm{R}00],$ [HiAk02]).
, 3 , $[\mathrm{A}\mathrm{h}\mathrm{A}\mathrm{r}01]$ , $n$ Fisher
$n$ Fisher . 4 , Hofmann and
Nagaraja [HON03] , ( ) ,
, ( ) Fisher . , 42 ,
[HON03] $G(\alpha, 1/\beta)$ , Fisher
. 5 , 2 Kullback-Leibler ,
([YA03]). , 6 ,
.
2
$X$ ( ) (p.d.f.) $f$ (x, $\theta$) . $\theta\in\Theta$
, $\Theta$ $R^{1}$ . , $F$(x, $\theta$ ) $f$ (x, $\theta$) (c.d.f.) . , $X$
$\theta$ Fisher(F)
$I_{X}(\theta):=E_{\theta}\{$ $\{\frac{\partial}{\partial\theta}\log f(X,\theta)\}^{2}$
. , T , $\theta$ 2 , Fisher
$I_{X}=E_{\theta}$ [ $-(\partial^{2}/\partial\theta^{2})\log f$ (X, $\theta)$ ] , , .
, $\theta_{1},$ $\theta_{2}\in\Theta$ , $f($ ., $\theta_{2})$ $f($ . , $\theta_{1})$ , Kullback-Leibler
(K-L) fflEt
$I( \theta_{1} : \theta_{2})=\int_{-\infty}^{\infty}f(x, \theta_{1})\log\frac{f(x,\theta_{1})}{f(x,\theta_{2})}dx$
.
, $X_{1},$ $\cdots,$ $X_{n}$ p.d.f. $f$ (x, $\theta$), c.d.f. $F$(x, $\theta$)
. (upper record time) $T_{m}$ , (upper record .value) $R_{m}$
$T_{1}:=1$ , $T_{m}:= \min\{j|j>T_{m-1,j}X>X\tau_{m-1}\}$ $(m=2, \cdots, n)$ ,
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$R_{m}:=X_{T_{m}}$ $(m=1, \cdots, n)$
. , (lower) , ,
$T_{1}:=1$ , $T_{m}:= \min\{j|j>T_{m-1},Xj<X_{T_{m-1}}\}$ $(m=2, \cdots, n)$ ,
R $:=X_{T_{m}}$ $(m=1, \cdots, n)$
.
3 Fisher
, 2 [HON03] , Fisher .
.
(i) $I_{RT}^{U}$ (n): $n$ $N_{n}$ , $R:=(R_{1},$ $\ldots$ ,
$R_{N_{n}})$ $T:=(\eta, \cdots, T_{N_{n}})$ $(R, T)$ $\theta$ Fisher
(ii) $I_{R}^{U}$ (n): $n$ $R$ $\theta$ Fisher
(iii) $I_{M}^{U}(n)$ : $n$ ( ) R $\theta$ Fisher
, , $I_{HT}^{L}$ (n), $I_{R}^{L}$ (n), $I_{M}^{L}$ (n) .
3.1 [HON03] , $X:=$ ($X_{1},$ $\cdots,$ $X$n) $\theta$ $\mathrm{F}$
$I\mathrm{x}$ (\mbox{\boldmath $\theta$}) , $I_{X}-I_{RT}^{U}$ (n) $(R, T)$ . , $(R, T)$ $X$
, ( ) . $I_{R}^{U}$ (n), $I_{M}^{U}$ (n), $I_{RT}^{L}$ (n), $I_{R}^{L}$ (n), $I_{M}^{L}(n)$
.
3.1 Fisher
, $X_{1},$ $\cdots,$ $Xn$ $\mathrm{p}.\mathrm{d}\cdot \mathrm{f}$ . $f$ (x, $\theta$), c.d.f. $F$ (x, $\theta$)
. , R , $Rm= \max 1\leq i\leq nXi=:X$(n)
, $\mathrm{p}.\mathrm{d}.\mathrm{f}$. ,
$f_{Rm}(x, \theta)=nF(x$ , $n-1f(x, \theta.)$
. ,
$\log fRm$ (x, $\theta$) $=1\circ \mathrm{g}n+\log f(x, \theta)+(n-1)1$og $F$ (x, $\theta$)
, 2 $\mathrm{F}$ , R $\mathrm{F}$ ,
$I_{M}^{U}(n)$ $=E_{\theta}[- \frac{\partial^{2}}{\partial\theta^{2}}1\mathrm{o}$ g $f_{R_{m}}(X, \theta)]$
$= \int_{-\infty}^{\infty}\{-\frac{\partial^{2}}{\partial\theta^{2}}\log f(x,\theta)-(n-1)\frac{\partial^{2}}{\partial\theta^{2}}\log F(x,\theta)$ } $nF^{n-1}(x,\theta)f(x, \theta)dx$ (3.1)
. $\mathrm{F}$ $I_{M}^{L}$ (n) , (3.1) $F$(x, $\theta$) $1-F$ (x, $\theta$)
.
, $R$ , $T$ j.p.d
$f_{R,T}(r, t, \theta)=\prod_{i=1}^{m}f(r_{i}, \theta)\prod_{i=1}^{m}F^{\delta:}(r_{i}, \theta)$ (3.2)
. , $r_{1}<\cdots<fm’$ $t_{1}=1<t_{2}<\cdots<t_{m}\leq n,$ $m$ =1, $\cdot$ . . , $n,$ $\delta_{i}=t_{i+1i}-t-$
$1,$ $t_{m+1}=n+1$ . , $(R,T)$ $\theta$ $\mathrm{F}$
,
$I_{RT}^{U}(n)= \sum_{i=0}^{n-1}\int_{-\infty}^{\infty}\{-\frac{\partial^{2}}{\partial\theta^{2}}\log f(x,\theta)-i\frac{\partial^{2}}{\partial\theta^{2}}\log F(x, \theta)\}F^{i}(x, \theta)f(x, \theta)$ dx (3.3)
$([\mathrm{H}\mathrm{o}\mathrm{N}03])$ . , $\mathrm{F}$ $I_{RT}^{L}(n)$ , (3.3) $F$ (x, $\theta$)
$1-F$ (x, $\theta$) .
3.2(3.1), (3.3)
I $\mathit{4}\tau(n)=\sum_{\dot{l}=1}^{n}\frac{1}{i}I_{M}^{U}(i)$ (3.4)
. $\mathrm{F}$ , (3.4) . ,
( ) $\mathrm{F}$ , (3.3)
, , ( ) $\mathrm{F}$ (3.4)
.
$R$ (m.p.d.f.) , (3.2) $T$
. , $\delta(m)$ $\Delta(m)$
,
$f_{R}(r)= \prod_{i=1}^{m}f(r_{j}, \theta)\sum_{\delta(m)\in\Delta(m)}\prod_{i=1}^{m}F^{\delta}:(r_{i},\theta)$ (3.5)
. , $r_{1}<\cdots<r.m’$ $m=1,$ $\cdots,$ $n$ , $\delta(m):=$ ( $\delta_{1},$ $\cdots,$ $\delta$m), $\Delta(m):=\{(\delta_{1}, \cdots, \delta_{m})|$
$\sum_{i=1}^{m}\delta_{i}=n-m,$ $\delta$b. .. , $\delta_{m}$ : } . , $R$ $\mathrm{F}$
$I_{R}^{U}(n)$
$I_{R}^{U}(n)=E_{\theta}[\{$
$., \frac{\sum_{1=1}^{N_{n}}\ovalbox{\tt\small REJECT}_{i}\sum_{\delta(N_{n})\in\Delta(N_{n})}\Delta_{\dot{\mathrm{G}}}\prod_{j-1}^{N_{n}}-\partial F(R_{i},\theta)F^{\Delta_{\mathrm{j}}}(R_{j},\theta)}{\sum_{\delta(N_{n})\in\Delta(N_{n})}\prod_{i=1}^{N_{n}}F^{\Delta_{j}}(R,\theta)}.+\sum_{i=1}^{N_{n}}\frac{\partial}{\partial\theta}\log f(R_{1}., \theta)\}^{2}]$
(3.6)
, . , , , ,
([HON03]).
, $X$ c.d.f. $F$ , $\theta$ .
(i) $F(x,\theta)=F_{0}(x-\theta)$ $(\theta\in R^{1})$ ( ),
(ii) $F(x,\theta)=F_{0}$ (h) $(\theta>0)$ ( ),
(iii) $F(x,\theta)=F_{0}(x^{\theta})$ $(\theta\in R^{1})$ ( ).
, $R$ $\theta$ $\mathrm{F}$
$I_{R}^{U}(n)=h_{1}( \theta)E_{\theta}[\{\frac{A(\mathrm{Y}_{1},\cdots,\mathrm{Y}_{N_{n}})}{E(\mathrm{Y}_{1},\cdots,\mathrm{Y}_{N_{n}})}+C(\mathrm{Y}_{1}$ , $\cdot$ .. , $\mathrm{Y}_{N_{n}})\}^{2}]$ (3.7)
([HON03]). , $\mathrm{Y}_{1},$ $\cdot\cdot\tau$ , $\mathrm{Y}_{N_{n}}$ $F\mathit{0}$ ,
$A(y_{1}, \cdot\cdot. , y_{m})=$ coefficient of $s^{n-m-1}$ in $( \sum_{i=1}^{m}\frac{f_{0}(y_{i})h_{2}(y_{1})}{1-F_{0}(y_{1})s}.\cdot)(\prod_{i=1}^{m}\frac{1}{1-F_{0}(y_{i})s})$ ,
$B(y_{1}, \cdots,y_{m})=$ coefficient of $s^{n-m}$ i $\mathrm{n}$ $( \prod_{i=1}^{m}\frac{1}{1-F_{0}(y_{i})s})$
. , $C,$ $h_{1},$ $h\mathrm{z}$ , , ,
$(\mathrm{i}’)$ C(y . , $y_{m}$ ) $= \sum_{j=1}^{m}-\frac{f’’(y_{i})}{f_{0}(y_{1})}.’ h_{1}(\theta)=1,$ $h_{2}(y:)=-1$ ,
$( \mathrm{i}\mathrm{i}’)C(y_{1}, \cdots, y_{m})=m+.\sum_{1=1}^{m}\frac{yf_{0}’(y_{i})}{\mathrm{o}(y_{1})}j.’ h_{1}(\theta)=\frac{1}{\theta^{2}},$ $h_{2}(y_{1}.)=y_{1}.$ ,
$( \mathrm{i}\mathrm{i}\mathrm{i}’)C(y_{1}, \cdots, y_{m})=m+\sum_{i=1}^{m}(1+\frac{y_{\dot{*}}f_{0}’(y_{1})}{f_{0}(y_{i})}.)\log y:,$ $h_{1}( \theta)=\frac{1}{\theta^{2}},$ $h_{2}(y_{1}.)=y:\log y$:
. , T $R$ $\theta$ $\mathrm{F}$ $I_{R}^{L}(n)$ , (3.7) $F$ (x, $\theta$)
$1-F$(x, $\theta$) , $A$ $A$ .
3.2 Fisher
3.1 $\mathrm{F}$ , [HON03]
. , , ,
, T $I_{M}^{L}$ $n$ ,
. , , 1 ,
$\mathrm{F}$ . , $X_{1},$ $\cdots,$ $X_{n}$ p.d.f.
$f(x,\beta)=\{$
$\neq_{\Gamma\alpha}^{\alpha}x^{\alpha-1}e^{-\beta x}$ $(x>0)$ ,
0 $(x\leq 0)$
$G(\alpha, 1/\beta)$ . , $\alpha>0,$ $\beta$ \succ 0 $\alpha$ .
, $\alpha=1$ . , , $\beta$
$\mathrm{F}$ . $\log f$(x, $\beta$) $\beta$ 2 ,
$\frac{\partial^{2}}{\partial\beta^{2}}\log f(x,\beta)=-\frac{\alpha}{\beta^{2}}$
, $\log F$(x, $\beta$), $\log$ ($1-F$(x, $\beta$)) 2 , $F(x,\beta),$ $1-F$(x, $\beta$)
,
$F(x, \beta)=\int_{0}^{x}\frac{\beta^{\alpha}}{\Gamma(\alpha)}t^{\alpha-1}e^{-\beta t}dt=\frac{1}{\Gamma(\alpha)}\int_{0}^{\beta x}s^{\alpha-1}e^{-s}ds=:\frac{1}{\Gamma(\alpha)}\gamma$($\alpha$ , $\beta$x),
5$1-F(x, \beta)=\int_{x}^{\infty}\frac{\beta^{\alpha}}{\Gamma(\alpha)}t^{\alpha-1}e^{-\beta}tdt=\frac{1}{\Gamma(\alpha)}\int_{\beta x}^{\infty}s^{\alpha-1}e^{-s}ds=:\frac{1}{\Gamma(\alpha)}\Gamma$ ( $\alpha,\beta$x)
. , $t>0$ $\gamma(\alpha, t)$ , $\Gamma(\alpha, t)$
$\gamma$ (a, $t$ ) $= \int_{0}^{t}x’-1e^{-x}$dx, $\Gamma(\alpha, t)=\int_{t}^{\infty}x^{\alpha-1}e^{-x}dx$
, 1 , 2 . ,
$\frac{\partial^{2}}{\partial\beta^{2}}\log F(x,\beta)=\frac{1}{\gamma(\alpha,\beta x)^{2}}\{\gamma$ ( $\alpha$ , $\beta$x) $\frac{\partial^{2}}{\partial\beta^{2}}\gamma(\alpha, \beta x)-(\frac{\partial}{\partial\beta}\gamma$( $\alpha,\beta$x)) $2\}$
$\frac{\partial^{2}}{\partial\beta^{2}}\log(1-F(x,\beta))=\frac{1}{\Gamma(\alpha,\beta x)^{2}}\{\Gamma$ ( $\alpha,\beta$x) $\frac{\partial^{2}}{\partial\beta^{2}}\Gamma$ ($\alpha$ , $\beta$x)–($\frac{\partial}{\partial\beta}\Gamma$ ($\alpha,\beta$x)) $2\}$
. ,
$\frac{\partial}{\partial\beta}\gamma(\alpha,\beta x)=\beta^{\alpha-1}$x$\alpha-e\beta$x, $\frac{\partial}{\partial\beta}\Gamma(\alpha,\beta x)=-\beta^{\alpha-1}x^{\alpha}e^{-\beta x}$,
$\frac{\partial^{2}}{\partial\beta^{2}}\gamma(\alpha, \beta x)=\beta^{\alpha-2}x^{\alpha}e^{-\beta x}$($\alpha-\beta$x–1), $\frac{\partial^{2}}{\partial\beta^{2}}\Gamma(\alpha, \beta x)=-\beta^{\alpha-2}x^{\alpha}e^{-\beta x}$ ( $\alpha-\beta$x–1),
,
$\frac{\partial^{2}}{\partial\beta^{2}}\log F(x,\beta)=\frac{1}{\gamma(\alpha,\beta x)^{2}}\beta^{\alpha-2}x^{\alpha}e^{-\beta x}\{\gamma(\alpha,\beta x)(\alpha-\beta x-1)-\beta^{\alpha}x^{\alpha}e^{-\beta x}\}$ ,
$\frac{\partial^{2}}{\partial\beta^{2}}\log(1-F(x,\beta))=-\frac{1}{\Gamma(\alpha,\beta x)^{2}}\beta^{\alpha-2}x^{\alpha}e^{-\beta x}\{\Gamma(\alpha,\beta x)(\alpha-\beta x-1)+\beta^{\alpha}x^{\alpha}e^{-\beta x}\}$
. , (3.1)
$I_{M}^{U}(n)= \int_{0}^{\infty}[\frac{\alpha}{\beta^{2}}-\frac{n-1}{\gamma(\alpha,\beta x)^{2}}\beta^{\alpha-2}x^{\alpha}e^{-\beta x}\{\gamma(\alpha,\beta x)(\alpha-\beta x-1)-\beta^{\alpha}x^{\alpha}e^{-\beta x}\}]$
. $n( \frac{\gamma(\alpha,\beta x)}{\Gamma(\alpha)})^{n-1}\frac{\beta^{\alpha}}{\Gamma(\alpha)}x^{\alpha-1}e^{-\beta x}dx$
$= \frac{\alpha}{\beta^{2}}-\frac{n(n-1)}{\beta^{2}\Gamma(\alpha)^{n}}\int_{0}^{\infty}\beta(\beta x)^{2\alpha-1}e^{-2\beta x}\gamma(\alpha,\beta x)^{n-3}\{\gamma(\alpha,\beta x)(\alpha-\beta x-1)-(\beta x)^{\alpha}e^{-\beta x}\}dx$
$= \frac{\alpha}{\beta^{2}}-\frac{n(n-1)}{\beta^{2}\Gamma(\alpha)^{n}}\int_{0}^{\infty}t^{2\alpha-1}e^{-2t}\gamma(\alpha,t)^{n-3}\{\gamma(\alpha,t)(\alpha-t-1)-t^{\alpha}e^{-t}\}d$t,
$I_{M}^{L}(n)= \int_{0}^{\infty}[\frac{\alpha}{\beta^{2}}+\frac{n-1}{\Gamma(\alpha,\beta x)^{2}}\beta^{\alpha-2}x^{\alpha}e^{-\beta x}\{\Gamma(\alpha,\beta x)(\alpha-\beta x-1)+\beta^{\alpha}x^{\alpha}e^{-\beta x}\}]$
$\downarrow n(\frac{\Gamma(\alpha,\beta x)}{\Gamma(\alpha)})^{n-1}\frac{\beta^{\alpha}}{\Gamma(\alpha)}x^{\alpha-1}e^{-\beta x}dx$












. , $\gamma^{*}(\alpha,t)=\gamma(\alpha, t)/\Gamma(\alpha)$ . (3.9) $\{\cdots\}$ ,
, $S:=\{$ ... $\}$ ,
$(1-\gamma^{*}(\alpha,t))s=\gamma(*\alpha,t)^{-1}+1+\gamma^{*}(\alpha,t)+\cdots+\gamma^{*}(\alpha,t)^{n-3}-(n-1)\gamma^{*}(\alpha,t)^{n-2}$
$= \frac{1-n\gamma^{*}(\alpha,t)^{n-1}+(n-1)\gamma^{*}(\alpha,t)^{n}}{\gamma^{*}(\alpha,t)(1-\gamma^{*}(\alpha,t))}$
. , $\Gamma^{*}(\alpha, t):=\Gamma(\alpha,t)/\Gamma(\alpha)$ ,











$=\alpha$ \iota $+ \frac{1}{\Gamma(\alpha)^{3}}\int_{0}^{\infty}t^{2\alpha-1}e^{-2t}\{\Gamma(\alpha,t)(\alpha-t-1)+t^{\alpha}e^{-t}\}$
. $\frac{1-n\Gamma^{*}(\alpha,t)^{n-1}+(n-1)\Gamma^{*}(\alpha,t)^{n}}{\Gamma^{*}(\alpha,t)\gamma^{*}(\alpha,t)^{2}}dt$ (3.11)
. , $I_{R}^{U}$ (n) $\beta$ (3.7) . , $\mathrm{Y}_{1},$ $\cdots$ , $\mathrm{Y}_{m}$
$G$ (\mbox{\boldmath $\alpha$}, 1), , $F_{0}(x)=\gamma^{*}(\alpha, x)$ ,
$A(y_{1}, \cdots,y_{m})=$ coefficient of $s^{n-m-1}$ in $(. \sum_{1=1}^{m}\frac{y_{i}^{\alpha}e^{-y}}{\Gamma(\alpha)(1-\gamma^{*}(\alpha,y_{1})s)}.\cdot.)(.\prod_{1=1}^{m}\frac{1}{1-\gamma^{*}(\alpha,y_{i})s})$ ,
$B(y_{1}, \cdot\cdot. , y_{m})=$ coefficient of $s^{n-m}$ in $( \prod_{i=1}^{m}\frac{1}{1-\gamma^{*}(\alpha,y)s})$
. , $f\mathrm{o}(x)=(1/\Gamma(\alpha))x^{\alpha-1}e^{-x}$ ,
$f_{0}’(x)$ $= \frac{1}{\Gamma(\alpha)}x^{\alpha-2}e^{-x}(\alpha-x-1)$
,
$C(y_{1}, \cdots, y_{m})=m+\dot{.}\sum_{=1}^{m}(\alpha-y_{i}-1)=\alpha m-\sum_{i=1}^{m}y$:
. ,
$\beta^{2}$ IK(n) $=E_{\theta}[ \{\frac{A(\mathrm{Y}_{1},\cdots,\mathrm{Y}_{N_{n}})}{B(\mathrm{Y}_{1},\cdots,\mathrm{Y}_{N_{n}})}+\alpha$ N$n- \sum_{i=1}^{N_{n}}\mathrm{Y}_{i}\}^{2}$] (3.12)
, . , $I_{R}^{L}$ (n)
,
$A(y_{1}, \cdot\cdot. , y_{m})=$ coefficient of $s^{n-m-1}$ in $( \sum_{i=1}^{m}\frac{y_{i}^{\alpha}e^{-yi}}{\Gamma(\alpha)(1-\Gamma^{*}(\alpha,y_{1})s)}.)(.\prod_{1=1}^{m}\frac{1}{1-\Gamma^{*}(\alpha,y_{1})s}.)$ ,
$B(y_{1}, \cdots, y_{m})=\mathrm{c}\mathrm{o}$efficient of $s^{n-m}$ in $(. \prod_{1=1}^{m}\frac{1}{1-\Gamma^{*}(\alpha,y_{\dot{*}})s})$
,
$\beta^{2}$ IK(n) $=E_{\theta}[ \{-\frac{A(\mathrm{Y}_{1},\cdots,\mathrm{Y}_{N_{n}})}{B(\mathrm{Y}_{1},\cdots,\mathrm{Y}_{N_{\hslash}})}+\alpha N_{n}-\sum_{=1}^{N_{\hslash}}\mathrm{Y}_{i}\}^{2}$] (3.13)
8, $\backslash ’\backslash \backslash \backslash$ .
$G(\alpha, 1/\beta)$ , $\alphaarrow\infty$ , . , $X$
$G(\alpha, 1/\beta)$ , $\{X-(\alpha/\beta)\}/(\sqrt{\alpha}/\beta)$ $N(0,1)$
.
$G(\alpha, 1/\beta)$ $\beta$ $\mathrm{F}$ $I_{M}^{U}(n)$
, $\beta$ $\mathrm{F}$ $I_{M}^{L}$ (n) ( 1, 2
). , \mbox{\boldmath $\alpha$}\rightarrow , , $I_{M}^{U}$ (n) $I_{M}^{L}$ (n)
( 3 ). , $\alpha=1$ .
, $G(\alpha, 1/\beta)$ $(R,T)$ $\beta$ $I_{RT}^{U}(n)$
$I_{RT}^{L}(n)$ ( 4-6 ). , $G(\alpha, 1/\beta)$
$\beta$ $I_{R}^{U}$ (n) $I_{R}^{L}(n)$ 200000
, ( 7-9 ). ,
. , $T$
$\theta$ , , $T$ , 4 7, 5
8 , $\mathrm{F}$
, $\mathrm{F}$ .
, , ( 10, 11
). 10, 11 , $\mathrm{F}$ , $n$

























, $\mathrm{F}$ , $\theta_{2}$ $\theta_{1}$ EI
, K-L $I_{RT}^{U}$ (n; $\theta_{1},$ $\theta_{2}$), $I_{R}^{U}$ (n; $\theta_{1},$ $\theta_{2}$), $I_{M}^{U}$ (n; $\theta_{1},$ $\theta$2), $I_{HT}^{L}$ (n; $\theta_{1},$ $\theta_{2}$),
$I_{R}^{L}$ (n; $\theta_{1},$ $\theta_{2}$), $I_{M}^{L}$ (n; $\theta_{1},$ $\theta_{2}$) ([YA03]).
4.1 Kullback-Leibler
R $X_{1},$ $\cdots,$ $X_{n}$ , $X(1)\leq\cdots\leq$
$X(n)$ $R_{m}=X(n)$ . , p.d.f.
$f_{R_{m}}(x)=nF^{n-1}(x, \theta)f(x, \theta)$
, 2 K-L , $R_{m}$ K-L ,
$I_{M}^{U}(n; \theta_{1},\theta_{2})=\int_{-\infty}^{\infty}\{\log\frac{f(X_{1}\theta_{1})}{f(x,\theta_{2})}+$ (n-1) $\log\frac{F(x,\theta_{1})}{F(x,\theta_{2})}\}nF^{n-1}(x,\theta_{1})f(x, \theta_{1})dx$ (4.1)
. T $F$ 1–F .
, $(R, T)$ K-L






, $m=1,$ $\cdots,$ $n$ ,
$E_{1}(m)= \int$ ... $\int_{r_{1}<\cdots<r_{m}}\sum_{\delta(m)\in\Delta(m)}\{\sum_{i=1}^{m}\log\frac{f(r_{i},\theta_{1})}{f(r_{i},\theta_{2})}\}\prod_{j=1}^{m}f(r_{j}, \theta 1)$ $\prod_{k=1}^{m}F^{\delta_{k}}(r_{k},\theta_{1})$dr1.. $dr_{m}$
. , E (m) ,
$E_{1}(m)= \int$ ... $\int_{\Gamma 1}<\cdots<r_{m}\{\sum_{\dot{\iota}=1}^{m}\log\frac{f(r_{1},\theta_{1})}{f(r_{1},\theta_{2})}.\cdot\}\prod_{j=1}^{m}f(r_{j}, \theta 1)$$\sum_{\delta(m)\in\Delta(m)}\prod_{k=1}^{m}F^{\delta_{k}}(r_{k}, \theta_{1})$dr1. . $dr_{m}$
. , $s$ ,
$\sum$ $\prod F^{\delta_{k}}$
$(r_{k}, \theta m)=$ coefficient of $s^{n-m}$ in $\prod_{k=1}^{m}\frac{1}{1-F(r_{k},\theta)s}$ (4.3)
$\delta(m)\in\Delta$ (m) $k=1$
,







$= \frac{1}{(m-1)!}(-\frac{1}{s}\log(1-s))^{m-1}\int_{-\infty}^{\infty}(\log\frac{f(x,\theta_{1})}{f(x,\theta_{2})})(\sum_{i=0}^{\infty}F^{:}(x,\theta_{1})$ s$i)f(x, \theta_{1})$dx
. ,
$E_{1}(m)=$ p $\frac{1}{(m-1)!}\int_{-\infty}^{\infty}(\log\frac{f(x,\theta_{1})}{f(x,\theta_{2})})F^{i}$(x, $\theta_{1}$ ) $f(x, \theta_{1})$dx




.coefficient of $s^{n-:-1}$ in $\sum_{m=1}^{n-\dot{l}}\frac{1}{(m-1)!}(-\log(1-s))^{m-1}$
14
. , ,
coefficient of $s”-1$ i$\mathrm{n}$ $\sum_{m=1}^{n-i}\frac{1}{(m-1)!}(-\log(1-s))^{m-1}$
$=$ coefficient of $s^{n-i-1}$ i $\mathrm{n}$ $\sum_{m=1}^{\infty}\frac{1}{(m-1)!}(-\log(1-s))^{m-1}$
$=$ coefficient of $s^{n-i-1}$ in $\exp(-\log(1-s))$
$=\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}$ of $s^{n-j-1}$ in $\frac{1}{1-s}$
$=1$ (4.4)
. ,




$E_{2}(m)= \int$ . $.. \int_{r_{1}<\cdots<r_{m}}\sum_{\delta(m)\in\Delta(m)}\{.\sum_{*=1}^{m}\delta_{i}\log\frac{F(r_{i},\theta_{1})}{F(r_{i},\theta_{2})}\}\prod_{j=1}^{m}f(r_{j}, \theta 1)$ $\prod_{k=1}^{m}F^{\delta_{k}}(r_{k}, \theta_{1})$dr1.. $dr_{m}$
$= \int$ ... $\int_{r_{1}<\cdots<r_{m}}\{\sum_{i=1}^{m}\log\frac{F(\mathrm{r}i,\theta_{1})}{F(r\cdot,\theta_{2})}.\}\prod_{j=1}^{m}f(\Gamma j, \theta 1)$
$\sum_{\delta(m)\in\Delta(m)}\delta_{1}.\prod_{k=1}^{m}F^{\delta_{k}}(r_{k}, \theta_{1})$dr1.. $dr_{m}$
. , $s$ ,
$\sum_{\delta(m)\in\Delta(m)}\delta_{i}\prod_{k=1}^{m}F^{\delta_{k}}(\mathrm{r}k, \theta)=\sum_{\delta(m)\in\Delta(m)}\frac{F(r_{i},\theta)}{f(r_{i},\theta)}\frac{\partial}{\partial r:}\prod_{k=1}^{m}F^{\delta_{k}}(r_{k}, \theta)$
$= \frac{F(r_{i},\theta)}{f(r_{\dot{l}},\theta)}\frac{\partial}{\partial r_{}}[\mathrm{c}\mathrm{o}\mathrm{e}$fficient of $s^{n-m}$ in $\prod_{k=1}^{m}\frac{1}{1-F(r_{k},\theta)s}]$
$=\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}$ of $s^{n-m}$ i $\mathrm{n}$ $\frac{F(r_{1},\theta)s}{1-F(r_{\dot{\iota}},\theta)s}\prod_{k=1}^{m}\frac{1}{1-F(r_{k},\theta)s}$ (4.6)
,
E2 $(m)=$ coefficient of $s^{n-m}$ in
$\int\cdots\int_{1}r<\cdots<r_{m}\{\sum_{i=1}^{m}\log\frac{F(r_{i},\theta_{1})}{F(r_{j},\theta_{2})}\}\frac{F(r_{i},\theta_{1})s}{1-F(r_{i},\theta_{1})s}\prod_{j=1}^{m}f(r_{j}, \theta 1)$ $\prod_{k=1}^{m}\frac{1}{1-F(r_{k},\theta_{1})s}dr_{1}\cdots dr_{m}$
. , ,
$\int\cdots\int_{r<\cdots<r_{m}}1\{.\sum_{1=1}^{m}\log\frac{F(r_{i},\theta_{1})}{F(r_{i},\theta_{2})}\}\frac{F(r_{\dot{l}},\theta_{1})s}{1-F(r_{1},\theta_{1})s}.\prod_{j=1}^{m}f(r_{j}, \theta 1)$ $\prod_{k=1}^{m}\frac{1}{1-F(r_{k},\theta_{1})s}dr_{1}$ ... $dr_{m}$
15
$= \frac{s}{m!}\int_{-\infty}^{\infty}\cdots\int_{-\infty}^{\infty}\{\sum_{i=1}^{m}\log\frac{F(r_{i},\theta_{1})}{F(r_{i},\theta_{2})}\}\frac{F(r_{i},\theta)}{1-F(r_{i},\theta)s}\prod_{j=1}^{m}\frac{f(r_{j},\theta_{1})}{1-F(r_{j},\theta_{1})s}dr_{1}\cdots dr_{m}$
$= \frac{s}{(m-1)!}\int_{-\infty}^{\infty}(\log\frac{F(x,\theta_{1})}{F(x,\theta_{2})})\frac{f(x,\theta_{1})F(x,\theta_{1})}{(1-F(x,\theta_{1})s)^{2}}dx$ $( \int_{-\infty}^{\infty}\frac{f(y,\theta_{1})}{1-F(y,\theta_{1})s}dy)^{m-1}$
$= \frac{s}{(m-1)!}(-\frac{1}{s}\log(1-s))^{m-1}\int_{-\infty}^{\infty}(\log\frac{F(x,\theta_{1})}{F(x,\theta_{2})})(\sum_{i=1}^{\infty}iF^{i}(x, \theta_{1})s^{i-1})f(x, \theta_{1})dx$
, $i$ 1 $n-m$ ,
$E_{2}(m)$ $= \sum_{i=0}^{n-m}\frac{i}{(m-1)!}\int_{-\infty}^{\infty}(1$og $\frac{F(x,\theta_{1})}{F(x,\theta_{2})})F^{i}(x, \theta 1)f(x,\theta_{1})$ dx
. coefficient of $s^{n-j-1}$ i $\mathrm{n}$ ( $-\log$ (1-s))$m-1$
. ,
$E_{2}= \sum_{m=1}^{n}E_{2}(m)$
$= \sum_{i=0}^{n-1}i\int_{-\infty}^{\infty}$ (1Og $\frac{F(x,\theta_{1})}{F(x,\theta_{2})}$) $F^{i}(x, \theta_{1})f(x, \theta_{1})$ dx
.coefficient of $s^{n-i-1}$ in $\sum_{m=1}^{n-i}\frac{1}{(m-1)!}(-\log(1-s))^{m-1}$
$=. \sum_{1=0}^{n-1}i\int_{-\infty}^{\infty}(\log\frac{F(x,\theta_{1})}{F(x,\theta_{2})})F^{1}.(x, \theta_{1})f(x,\theta_{1})$dx (4.7)
, (4.5) (4.7) ,
$I_{RT}^{U}(n; \theta 1, \theta_{2})=\sum_{i=0}^{n-1}\int_{-\infty}^{\infty}\{\log\frac{f(x,\theta_{1})}{f(x,\theta_{2})}+i$$\log\frac{F(x,\theta_{1})}{F(x,\theta_{2})}\}F^{i}(x,\theta_{1})f(x, \theta_{1})$ dx (4.8)
.
4.3 (4.8) $I_{M}^{U}(. ; \theta_{1}, \theta_{2})$
$I_{RT}^{U}(n; \theta 1, \theta_{2})=\sum_{\dot{*}=0}^{n-1}\iota$71 $\int_{-\infty}^{\infty}\{\log\frac{f(x,\theta_{1})}{f(x,\theta_{2})}+i\log\frac{F(x,\theta_{1})}{F(x,\theta_{2})}\}(i+1)F^{i}(x,\theta_{1})f(x, \theta_{1})dx$
$= \sum_{i=0}^{n-1}\frac{1}{i+1}I_{M}^{U}$ ($i+1;\theta$b $\theta_{2}$ )
$= \sum_{i=1}^{n}\frac{1}{i}I4(i;\theta 1, \theta_{2})$ (4.9)
.
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$R$ K-L , $R$ m.p.d.f. (3.5) ,
Il$R(Un; \theta 1, \theta_{2})=E_{\theta_{1}}[\log\frac{f((R,\theta_{1})}{fR,\theta_{2})}]$
$=E_{\theta_{1}}[ \log\frac{\prod_{i=1}^{N_{n}}f((R_{i},\theta_{1})\sum_{\mathit{5}(N_{n})\in\Delta(N_{n})}\prod_{i=1}^{N_{n}}F^{\Delta_{i}}(R_{i},\theta_{1})}{\prod_{j=1}^{N_{n}}fR_{i},\theta_{2})\sum_{\delta(N_{n})\in\Delta(N_{n})}\prod_{i=1}^{N_{n}}F^{\Delta}\dot{\cdot}(R_{1},\theta_{2})}.]$
$=E_{\theta_{1}}[ \sum_{i=1}^{N_{n}}\log\frac{f((R,\theta_{1})}{fR_{1},\theta_{2})}.\cdot]+E_{\theta_{1}}[\log\frac{\sum_{\delta(N_{n})\in\Delta(N_{n})}\prod_{\dot{\iota}=1}^{N_{n}}F^{\Delta}\cdot(R_{i},\theta_{1})}{\sum_{\delta(N_{n})\in\Delta(N_{n})}\prod_{=1}^{N_{n}}F^{\Delta_{1}}(R_{\dot{*}},\theta_{2})}.\cdot.\cdot]$ (4.10)
. , (4.10) 1 (4.2) $E_{1}$ (4.5)
, 2 $s$ (4.3) ,
$I_{R}^{U}(n; \theta 1, \theta_{2})=E_{1}^{U}+E_{\theta_{1}}[\log\frac{A^{U}(R)}{B^{U}(R)}]$ (4.11)
. ,
$E_{1}^{U}= \sum_{\dot{\iota}=0}^{n-1}\int_{-\infty}^{\infty}$ ($1o \mathrm{g}\frac{f(x,\theta_{1})}{f(x,\theta_{2})}$ ) $F^{i}$ ( $x,\theta$l) $f(x, \theta,)$dx,
$A^{U}(\mathrm{r})=$ coefficient of $s^{n-m} \mathrm{i}\mathrm{n}.\cdot\prod_{=1}^{m}\frac{1}{1-F(r_{\dot{2}},\theta_{1})s}$ ,
$B^{U}(\mathrm{r})=\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}$ of $s^{n-m}$ in $j \prod_{=1}^{m}\frac{1}{1-F(r_{\dot{l}},\theta_{2})s}$
. T , $E_{1}^{L},$ $A^{L}$ (r), $B^{L}$ (r) $F$ 1–F
. , .
4.2 K-L
, $X_{1},$ $\cdots,$ $X_{n}$ p.d.f.
$f(x, \theta)=\{$
$\theta e^{-\theta x}$ $(x>0)$ ,
0 $(x\leq 0)$
$\mathrm{E}\mathrm{x}\mathrm{p}(1/\theta)$ . , $\theta>0$ . ,
1Og $\frac{f(x,\theta_{1})}{f(x,\theta_{2})}=\log\frac{\theta_{1}e^{-\theta_{1}x}}{\theta_{2}e^{-\theta_{2}x}}=-$ log $\frac{\theta_{2}}{\theta_{1}}-$ $(\theta_{1}-\theta_{2})$x,
$\log\frac{1-F(x,\theta_{1})}{1-F(x,\theta_{2})}=\log\frac{e^{-\theta_{1^{l}}}}{e^{-\theta_{2}x}}=-(\theta_{1}-\theta_{2})$x
, (4.1) K-L ,
$I_{M}^{L}$ ( $n;\theta$ l, $\theta_{2}$ ) $= \int_{0}^{\infty}\{-$ log $\frac{\theta_{2}}{\theta_{1}}-$ $(\theta_{1}-\theta 2)$x–(n-1) $(\theta_{1}-\theta_{2})x\}ne^{-(n-1)\theta_{1}x}\theta_{1}e^{-\theta_{1}x}dx$
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$=-$ log $\frac{\theta_{2}}{\theta_{1}}-(\theta_{1}-\theta_{2})\int_{0}^{\infty}n^{2}\theta_{1}xe-n\theta_{1}x$dx
$=-$ log $\frac{\theta_{2}}{\theta_{1}}-$ $( \theta_{1}-\theta 2)\cdot\frac{1}{\theta_{1}}$
$=:-$ log $\lambda-$ $(1-\lambda)$ $(4.12)$
. , $\lambda:=\theta_{2}/\theta_{1}$ . , (4.9) , T K-L
,
$I_{HT}^{L}(n; \lambda)=\sum_{\dot{l}=1}^{n}\frac{1}{i}I_{M}^{L}(i;\lambda)$
$=$ $(- \log\lambda-(1-\lambda))\sum_{\dot{l}=1}^{n}\frac{1}{i}$ (4.13)
. , K-L ,
I 6 $(n; \theta 1, \theta_{2})=\int_{0}^{\infty}\{-\log\frac{\theta_{2}}{\theta_{1}}-(\theta_{1}-\theta_{2})x-(n-1)\log\frac{1-e^{-\theta_{1}x}}{1-e^{-\theta_{2}x}}\}n(1-e^{-\theta_{1}x})^{n-1}\theta 1e-\theta_{1}oe_{dx}$
$=-$ log $\frac{\theta_{2}}{\theta_{1}}-$ $( \theta_{1}-\theta_{2})\int_{0}$
”
$x\cdot n(1-e^{-\theta_{1}x})^{n-1}\theta$, $e^{-\theta_{1}x}$dx
$-(n-1) \int_{0}^{\infty}$ (-log(1-e $-\theta_{1}x$ )) -$(1–\theta_{1}x)n-1\theta_{1}e-\theta_{1}x_{dx}$
$+$ (n-1) $\int_{0}^{\infty}$ (-log $(1-e^{-\theta_{2}x})$ ) $\cdot n(1-e^{-\theta_{1}x})^{n-1}\theta_{1}e^{-}01x$ dx
$=-$ 10g $\frac{\theta_{2}}{\theta_{1}}-$ $( \theta_{1}-\theta_{2})\int_{0}^{1}(-\frac{1}{\theta_{1}}\log(1-t))\cdot nt^{n-1}dt-(n-1)\int_{0}^{1}(-\log t)\cdot nt^{n-1}dt$
$+(n -1)$ $\int_{0}^{1}$ ( $-\log$(1-t$\theta_{2}$/E1)). $n(1-t)^{n-1}dt$
. 2, 3, 4 ,
$\int_{0}^{1}(-\frac{1}{\theta_{1}}\log(1-t))\cdot nt^{n-1}dt=\frac{n}{\theta_{1}}\sum_{i=1}^{\infty}\frac{1}{i}\int$o1 $t^{n+*-1}.dt$
$=$ $\frac{n}{\theta_{1}}\lim_{karrow\infty}\{\frac{1}{1(n+1)}+\frac{1}{2(n+2)}+\cdot$ . . $+ \frac{1}{k(n+k)}\}$
$= \frac{1}{\theta_{1}}\lim_{karrow\infty}\{\frac{1}{1}+\frac{1}{2}+\cdots+\frac{1}{n}-\frac{1}{k+1}-\frac{1}{k+2}-\cdots-\frac{1}{n+k}\}$
$= \frac{1}{\theta_{1}}\sum_{j=1}^{n}\frac{1}{j}$ ,
$\int_{0}^{1}$ (-log $t$ ) $\cdot nt^{n-1}dt=[-t^{n}\log t]_{0}^{1}$ $\int_{0}^{1}t^{n-1}dt$
$= \frac{1}{n}$ ,
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$\int_{0}^{1}$ ( $-\log$(1-t$\theta_{2}$/e1)) . $n(1-t)^{n-1}dt= \sum_{k=1}^{\infty}\frac{1}{k}\int_{0}^{1}t^{(\theta_{2}/\theta_{1})k}\cdot n(1-t)^{n-1}dt$
$= \frac{\theta_{2}}{\theta_{1}}\sum_{k=1}^{\infty}\int_{0}^{1}t^{(\theta_{2}/\theta_{\mathit{1}})k-1}(1-t)^{n}dt$
$= \frac{\theta_{2}}{\theta_{1}}\sum_{k=1}^{\infty}B(\frac{k\theta_{2}}{\theta_{1}},$ $n+1)$
. , $B$ (., $\cdot$ ) . $\lambda=\theta_{2}/\theta_{1}$ ,
$I_{M}^{U}(n;\lambda)=-1\mathrm{o}$g $\lambda-$ $(1- \lambda)\sum_{j=1}^{n}\frac{1}{j}-\frac{n-1}{n}+\lambda$ (n-1) $\sum_{k=1}^{\infty}B(k\lambda, n+1)$ (4.14)
. (4.9) ,
$\wedge \mathit{4}_{T(n;\lambda})=.\sum_{1=1}^{n}\frac{1}{i}I_{M}^{U}(i;\lambda)$




$E_{1}^{L}= \sum_{i=0}^{n-1}\int_{0}"(-\log\frac{\theta_{2}}{\theta_{1}}-(\theta_{1}-\theta_{2})x$ ) $e^{-:\theta}$ 1 $x\theta\sim-\theta_{1}$l$x$
$= \sum_{i=1}^{n}\int_{0}^{\infty}(-\log\frac{\theta_{2}}{\theta_{1}}-(\theta_{1}-\theta_{2})x)\theta_{1}e^{-i\theta_{1}x}dx$
$= \sum_{i=1}^{n}\{-\frac{1}{i}\log\frac{\theta_{2}}{\theta_{1}}-\frac{1}{i^{2}\theta_{1}}$ $(\theta_{1}-\theta_{2})$ }







$A^{L}(r)=\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}$ of $s^{n-m}$ in $. \prod_{1=1}^{m}\frac{1}{1-e^{-\theta_{1^{f}}}\cdot s}.$ ’
$B^{L}(r)=\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}$ of $s^{n-m}$ in $. \prod_{1=1}^{m}\frac{1}{1-e^{-\theta_{2}r}\cdot s}$.
$A^{U}(r)=\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}$ of $s^{n-m}$ in $\prod_{i=1}^{m}\frac{1}{1-(1-e^{-\theta_{1^{f}i}})s}$ ,
$B^{U}(r)=\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}$ of $s^{n-m}$ in $\prod_{i=1}^{m}\frac{1}{1-(1-e^{-\theta_{2^{f_{1}}}})s}$.
, (4.11) .
$\mathrm{E}\mathrm{x}\mathrm{p}(1/\theta)$ $f$ (rm’ $\theta_{1}$ ) $f$ (rm’ $\theta_{2}$ )
K-L $I_{M}^{U}$ (n; $\lambda$) , K-L $I_{M}^{L}$ (n; $\lambda$)
( 12, 13 ). , $\lambda:=\theta_{2}/\theta_{1}$ . ,
K-L 200000
( 14, 15 ). , K-L
( 16, 17 ). K-L , $n$
, $\theta_{1}=\theta_{2}$ $\lambda=1$ K-L 0 , , $\theta_{1}$ $\theta_{2}$
. , 14, 15 K-L ,
16, 17 K-L . $T$
$\theta$ ,
. , 14 16 18 .
18 , $n$
, $\lambda$ 1 , 2
. , 15 17 19 ,









4 , 2 K-L ,
, 2 .
K-L .
, 1 $\mathrm{E}\mathrm{x}\mathrm{p}(1)$ p.d.f. $f_{1}$ , $c$ $\mathrm{E}\mathrm{x}\mathrm{p}(1)$
, $c$ $N($\mu , $\sigma^{2})$ p.d.f. $f_{2}$ , ,
$f_{2}(x)=\{$
$e^{-x}$ $(0\leq x<c)$ ,
$\frac{1}{\sqrt{2\pi}\sigma}e^{-\llcorner x_{2\sigma}}-\not\in^{\mathrm{L}^{2}}$ $(x\geq c)$ ,
0 ( )




$c$ , $\Phi,$ $\phi$ $N(0,1)$ c.d.f., p.d.f. . ,
$c$ K-L . , $c$ p.d.f. $f_{2}$
, , $\mathrm{c}=\log 2$ , $f_{2}$
K-L ( 1, 20 ). 20 , K-L
$n$ , . ,
K-L $n$ , , $n$
$fi$ (x) $f_{2}$ (x) ,
a1J . ,
K-L , (4.9) , ,
, K-L , $n$
. , K-L $n$
23
, 19 , $n$ K-L
.
1: $f1(x)$ ( ) $f_{2}(x)$ ( ) $(c=\log 2^{\cdot}=. 0.693)$
, $c$ . $f_{1}$ $f_{2}$ $c=0.1$
K-L ( 2, 21 ). , 20
, . ,
K-L 20 .
2: $f1$ (x)( ) $f_{2}$ (x)( ) $(c=0.1)$
24
, $f_{2}$ $c=1$ , ( 3, 22 ).
, 2 2 ,
. , $f_{1}$ $f_{2}$ ,
K-L , K-L
. , K-L , 20
.
3: $f1(x)$ ( ) $f_{2}(x)$ ( ) $(c=1)$
25
, $\lambda$ $\mathrm{E}\mathrm{x}\mathrm{p}(\lambda)$ p.d.f. , $c$ $\mathrm{E}\mathrm{x}\mathrm{p}(\lambda)$
$c$ $N($\mu , $\sigma^{2})$ p.d.f. $f_{2}$ ,
$f_{2}(x)=\{$
$\frac{1}{\lambda}e^{-x/\lambda}$ $(0\leq x<c)$ ,




, $c=-\lambda\log(1-\alpha)$ , $c$ $\lambda$ . , $k>0$





. , (5.1), (5.2) $\mu,$ $\sigma$ , $\lambda$ . , $\alpha,$ $k$
, $\lambda$ , $c$ , $f_{2}$ $f1$




. – $\grave{{}^{\backslash }\grave{\grave{\sqrt}}}$ $(\mathrm{h}\mathrm{t}\mathrm{t}\mathrm{p}://\mathrm{w}\mathrm{w}\mathrm{w}.\mathrm{j}\mathrm{m}\mathrm{a}.\mathrm{g}\mathrm{o}.\mathrm{j}\mathrm{p}/)$ {




. , $\mathrm{E}\mathrm{x}\mathrm{p}(1/\theta)$ $X_{1},$ $\cdots,$ $X_{n}$




, (S), (T), (N) 3 , 1961
2003 6 ( $n=43$ , : $\mathrm{m}\mathrm{m}$) .
$S=\{32.8,55.8,84.3$ ,158.6, 46.1, 96.3, 123.2, 38.0, 102.0, 95.5, 81.5, 87.0, 13.0, 101.5, 67.0,
78.5, 7.5, 91.5, 48.0, 125.5, 50.0, 52.5, 59.0, 38.0, 9.0, 23.5, 17.0, 79.5, 91.0, 37.5, 28.0, 25.5,
73.5, 5.5, 35.0, 29.0, 21.0, 83.0, 32.5, 50.5, 42.0, 64.5, 68.5},
$T=\{305.5$ ,244.5, 248.2, 139.9, 219.5, 510.2, 109.3, 175.0, 187.5, 218.0, 91.5, 107.0, 121.5, 204.5,
106.5, 186.0, 202.5, 104.0, 63.0, 172.5, 103.0, 224.5, 198.0, 202.0, 381.0, 138.0, 120.5, 198.0,
205.0, 68.0, 142.0, 237.0, 260.0, 144.5, 185.5, 36.0, 170.5, 150.5, 192.5, 232.0, 144.5, 151.5,
85.0},
$N=\{101.1,239.0,75.2$ ,439.3, 515.9, 355.0, 472.0, 256.5, 602.5, 211.5, 180.0, 340.5, 168.0, 240.0,
527.5, 188.0, 289.0, 250.0, 228.0, 20.0, 43.0, 269.0, 161.0, 97.5, 181.0, 120.5, 430.5, 162.5,
159.0, 310.0, 43.5, 292.0, 113.0, 139.0, 269.5, 103.0, 334.5, 379.5, 123.5, 186.5, 151.5, 290.5,
222.0}.
(T )
$R_{s}^{U}=\{32.8,55.8,84.3,158.6\}$ , $T_{S}^{U}=\{1,2, 3, 4\}$ ,
$R^{L}s=\{32.8,13.0,7.5,5.5\}$ , $T_{S}^{L}=\{1,13, 17, 34\}$ ,
$R_{T}^{U}=$ {305.5, 510.2}, $T_{T}^{U}=\{1,6\}$ ,
$R_{T}^{L}=$ {305.5, 244.5, 139.9, 109.3, 91.5, 63.0, 36.0}, $T_{T}^{L}=\{1,2, 4, 7, 11, 19, 36\}$ ,
$R_{N}^{U}=$ {101.1, 239.0, 439.3, 515.9, 602.5}, $T_{N}^{U}=\{1,2, 4, 5, 9\}$ ,
$R_{N}^{L}=$ {101.1, 75.2, 20.0}, $T_{N}^{L}=\{1,3,20\}$
. , , , , , ,
, , .
, $\mathrm{F}$ . , ,
$G(\alpha, 1/\beta)$ . $X$ $G(\alpha, 1/\beta)$
,




, $\beta,$ $\alpha$ ,
.
$= \frac{\overline{X}}{S^{2}}$ , $\cdot=\hat{\beta}\overline{X}$





5: ( : , : , : )
, $\hat{\alpha}$ , $\alpha$ $\beta$ $\mathrm{F}$ .
$G(\alpha, 1/\beta)$ $\mathrm{F}$ , (3.8), (3.10)\sim (3.13) ,
, , 23 .
, $\hat{\beta}$ , 24 ,




, K-L . 6.1
, (S), (T), (N) 3 , 6 23 6 25 $\text{ }$
3 , . 1961 2003
( $n=43$ , : $\mathrm{m}\mathrm{m}$) , , 6 23 ,
28
$S_{6/23}=\{0.1,0,0.1,0.5,2.6,0,0,0,1.0,0,0,0,0.5,0,0,15.0,0,0,1.5,0,1.5,0,0,0,0,0,0$ ,
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 4.0, 0},
$T_{6/}23=${9.8,0.7, 0, 0, 0, 11.5, 2.0, 0, 4.5, 0, 0, 2.0, 8.5, 2.0, 2.5, 0, 3.5, 30.0, 0, 0, 7.5, 1.5, 0.5,
73.0, 0.5, 0, 0, 0, 41.5, 0, 11.5, 42.0, 37.0, 0, 11.5, 0, 1.0, 0, 0, 9.0, 0, 0.5, 0.5},
$N_{6/23}=\{0.1,6.2,0,0,24.5,0,0,1.5,61.5,0,0,0,0,39.0,0,0,17.0,0,3.5,0,0,1.0,0,0,0,0$,
33.0, 0.5, 63.5, 0, 15.0, 0, 8.5, 0, 0, 0, 0, 1.5, 0, 0, 0, 0, 0}
, ,
$R_{S_{6/2\theta}}^{U}=\mathrm{f}0.1,0$ .5,2.6, 15.0}, $T_{S_{6/23}}^{U}=$ {1,4, 5, 16},
$R_{S_{6/23}}^{L}=\{0.1,0\}$ , $T_{S_{6/23}}^{L}=\{1,2\}$ ,
$R_{T_{6/23}}^{U}=$ {9.8,11.5, 30.0, 73.0}, $T_{T_{6/28}}^{U}=$ {1,6, 18, 24},
$R_{T_{6/28}}^{L}=\{9.8,0.7,0\}$ , $T_{T_{6/23}}^{L}=\{1,2,3\}$ ,
$R_{N_{6/2\theta}}^{U}=$ {0.1,6.2, 24.5, 61.5, 63.5}, $T_{N_{6/2\mathrm{S}}}^{U}=$ {1,2, 5, 9, 29},
$R_{N_{6/23}}^{L}=\{0.1,0\}$ , $T_{N_{6/23}}^{L}=\{1,3\}$




$\mathrm{E}\mathrm{x}\mathrm{p}(1/\theta)$ . , K-L $\theta$
, $\theta$ $\hat{\theta}=(1/n)\sum_{i=1}^{n}X_{i}$
, K-L (4.12)\sim (4.15), , (4.16) (4.11)
, , 25 .
, \rightarrow , $\theta s$ $\hat{\theta}s$
$\theta_{N}$ $\hat{\theta}_{N}$ , $\hat{\lambda}:=\hat{\theta}N/\hat{\theta}_{S}$ . \rightarrow
. , 6 23
.
, 6 23 ,
.
, 1 6 24




$76/24=\{21.0$ , 21.3, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 17.5, 1.5, 29.5, 24.0, 9.0, 0, 4.5, 0, 23.0, 25.5, 0,
11.0, 0, 0, 16.5, 22.0, 0, 41.0, 52.0, 4.0, 0, 0, 4.0, 0, 0, 0.5, 38.0, 0,0,5.0},
$N_{6/24}=\{0.1,0,0.2,8.6,0.2,0,5.6,21.5,40.0,0,2.0,0,1.0,4.0,0,0,19.5,0,0,0,0,6.0,0,0.5$ ,
0, 0, 38.5, 2.0, 0, 0, 3.5, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1.5, 0, 0}
, ,
$R_{S_{6/24}}^{U}=\{6.6,8.5,10.0\}$ , $T_{S_{6/24}}^{U}=\{1,20,39\}$ ,
$R_{S_{6/24}}^{L}=\{6.6,0.2,0.1,0\}$ , $T_{\mathrm{S}_{6/}}^{L}$,$4=\{1,2,5,7\}$ ,
$R_{T_{6/24}}^{U}=\{21.0,21.3,29.5,41.0,52.0\}$ , $T_{T_{6/24}}^{U}=\{1,2,16,31,32\}$ ,
$R_{T_{6/24}}^{L}=\{21.0,0\}$ , $T_{T_{6/24}}^{L}=\{1,3\}$ ,
$R_{N_{6/24}}^{U}=\{0.1,0.2,8.6,21.5,40.0\}$ , $T_{N_{6/24}}^{U}=\{1,3,4,8,9\}$ ,
$R_{N_{6/24}}^{L}=\{0.1,0\}$ , $T_{N_{6/24}}^{L}=\{1,2\}$
. , K-L 26 .
26: 6 24 K-L $(n=43)$
, 6 23 1 $\text{ }$ ,
, ,
. , 1969 ,
6 29 , $300\sim 500\mathrm{m}\mathrm{m}$




, 1 6 25
. 6 25 ( : $\mathrm{m}\mathrm{m}$) ,
$S_{6/25}=\{3.8,0,0,0,0,5.2,0,0,0,0,1.0,0,2.5,0,0,0,0,0,0,0,0,4.0,9.5,0,0,0,0,0,2.0$,
5.5, 0, 0, 1.0, 0, 0, 0, 0, 0, 0.5, 0, 0, 0, 0},
$T_{6/25}=${26.1, 35.0, 0, 2.8, 0, 0, 4.0, 11.5, 9.0, 8.5, 0, 0, 0, 0, 4.5, 48.5, 47.5, 3.0, 0, 0, 1.0, 0, 2.5,
6.0, 28.0, 6.0, 0, 23.5, 0, 0, 0, 0, 0, 3.5, 5.0, 5.5, 0, 0.5, 16.5, 5.0, 0, 6.5, 20.0},
$N_{6/25}=\{1.4,8.6,0,0,0.3,0,0,0,0,0,0,0,3.0,12.5,0,1.0,16.0,0,0,0,0,0.5,0,0,0,0$ ,
20.5, 0, 0, 0, 0, 0, 0, 0, 0, 2.0, 1.5, 0, 0, 0, 0, 0}
30
, ,
$R_{S_{6/25}}^{U}=\{3.8,5.2,9.5\}$ , $T_{S_{6/25}}^{U}=\{1,6,23\}$ ,
$R_{S_{6/25}}^{L}=\{3.8,0\}$ , $T_{S_{6}}^{L}\mathit{7}2\mathit{5}=\{1,2\}$ ,
$R_{T_{6/25}}^{U}=\{26.1,35.0,48.5\}$ , $T_{T_{6/25}}^{U}=\{1,2,16\}$ ,
$R_{T_{6/25}}^{L}=\{26.1,0\}$ , $T_{T_{6/25}}^{L}=\{1,3\}$ ,
$R_{N_{6/25}}^{U}=\{1.4,8.6,12.5,16.0,20.5\}$ , $T_{N_{6/25}}^{U}=\{1,2,14,17,28\}$ ,
$R_{N_{6/25}}^{L}=\{1.4,0\}$ , $T$7’6/25 $=\{1,3\}$
. , K-L 27 .
27: 6 25 K-L $(n=43)$
, K-L
, . 25-27 , 1
, 2 ( )
( ) K-L
, , \rightarrow , \rightarrow ,
, ,
, $\mathrm{r}$ , 1961
2002 ( $n=42$) 12 11
. , ( : $\mathrm{m}\mathrm{m}$ ) ,
$S_{12/11}=\{1.0,10.0,0.1,0.9,0,11.3,4.0,0,8.0,0,9.5,0,0,0.5,0,6.0,0.5,4.5,5.0,0,0,11.5$ ,
17.0, 0, 6.0, 3.0, 4.5, 11.0, 1.5, 26.5, 4.0, 9.0, 9.5, 0, 0, 0, 1.0, 7.5, 5.5, 0.5, 21.5, 0},
$T_{12/11}=\{0,0,0,0,7.0,0,0,0,0,0,0,0,0,0,0,0,0,6.5,0,0,0,0,0,34.5,0,0,0,0,0,20.0$ ,
0, 0, 6.5, 2.0, 0, 5.0, 0, 0, 0, 0, 0, 0},
$N_{12/11}=$ {2.0, 0, 3.7, 1.1, 11.2, 0, 0.5, 7.0, 0, 3.0, 4.0, 0, 0.5, 17.5, 3.0, 0, 4.0, 0, 0, 0, 0, 40.0, 2.0,
0, 9.5, 0, 17.0, 0, 0, 0, 0, 0, 0, 0, 2.0, 0, 0, 0, 0, 0, 0, 0}
, ,
$R_{S_{12/11}}^{U}=\{1.0,10.0,11.3,11.5,17.0,26.5\}$ , $T_{S_{12/11}}^{U}=\{1,2,6,22,23,30\}$ ,
$R^{L}s_{12/11}=\{1.0,0.1,0\}$ , $T_{S_{1211}}^{L},=\{1,3,5\}$ ,
$R_{T_{12/11}}^{U}=\{0,7.0,34.5\}$ , $T_{T_{12/11}}^{U}=\{1,5,24\}$ ,
$R_{T_{12/11}}^{L}=\{0\}$ , $T_{T_{12/11}}^{L}=\{1\}$ ,
$R_{N_{12/11}}^{U}=\{2.0,3.7,11.2,17.5,40.0\}$ , $T_{N_{12/11}}^{U}=\{1,3,5,14,22\}$ ,
$R_{N_{12/11}}^{L}=\{2.0,0\}$ , $T_{N_{12/11}}^{L}=\{1,2\}$
. , K-L 28 .
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